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Abstract

In this dissertation, we analyze a nonlinear eigenvalue elliptic problem, inspired by models
from mathematical physics, particularly in nonlinear quantum mechanics and field theory.

More specifically, we examine the p(x)-Laplacian equation of the form:

z)—q(x (z)—2
~Ay(o(u(@) = Alu(@)l )" [u(@)| " u(@), = e,
(1)
u(z) =0, x € 0fL.
The given equation is defined on an open and regular domain €2, with A € R representing

a spectral parameter and u being the corresponding eigenfunction, where:

L<p_<plx)<pp<+oo, 1<q <q(x)<qp <p()

with

%:E))? P+ <n,

* n — X
p(z) = P 2)

o0, b+ >n

Such that:
r_ = essinfr(z), ry = esssupr(x).
zeQ e

The operator p(x)-Laplacian is defined by:
By u()) = div(| V(@) "2 Vu(a)),

and the notation ||ul|,() is the norm of w in the space L) (2).

We look into the right variational methods for this case, along with whether solutions exist
and how many there are, using concepts from variable exponent Lebesgue and Sobolev

space theories, as well as nonlinear spectral theory.

Keywords: variable exponent spaces, p(x)-Laplacian, nonlinear eigenvalue problems,

Sobolev embeddings, variational methods.
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Résumé

Dans ce mémoire, nous analysons un probléme aux valeurs propres elliptique non linéaire,
inspiré de modeles issus de la physique mathématique, notamment en mécanique quan-
tique non linéaire et en théorie des champs. Plus précisément, nous étudions 1’équation

p(z)-Laplacien sous la forme suivante :

z)—q(z (z)—2
—Apa(u(x)) = Mfu(@)| 507 u(@)| " u(@), zeq,
(1)
u(z) =0, x € 09.
L’équation donnée est définie sur un domaine ouvert et régulier {2, ou A € R représente

un parameétre spectral et u est la fonction propre correspondante, avec les conditions :

L<p_<plx)<pp <+oo, 1<q <qx)<qp <p(w)
ou
np(l(.) )a si b+ <mn,
* n — X
() = P )
0, sipy > n.
avec :
r_ = essinfr(z), ry =esssupr(x).
z€eQ zeQ

L’opérateur p(x)-Laplacien est défini par :
Apofu(x)) = div( | V()92 Vu(w)),

et la notation ||ul|,(,) désigne la norme de u dans 1’espace L4 ((2).

Nous explorons les méthodes variationnelles appropriées a ce probléme, ainsi que 1’exis-
tence et la multiplicité des solutions, en utilisant les concepts des théories des espaces de

Lebesgue et de Sobolev a exposant variable, ainsi que la théorie spectrale non linéaire.

Mots clés : espaces a exposant variable, opérateur (p(x))-Laplacien, problémes aux valeurs

propres non linéaires, plongements de Sobolev, méthodes variationnelles.
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NOTATI()NI

e ) C RV: bounded open domain with Lipschitz boundary 0.
e N € N: space dimension.
e 1 € (): spatial variable.

e p: () — [1,400): measurable variable exponent.

°p . p:
T = esssup p(x).

p- =essinfp(z), p s51
o L7)(Q): variable exponent Lebesgue space.
o WP@)(Q): variable exponent Sobolev space.
. Wol’p(x)(ﬂ): closure of C'2°(12).
o ('°(€2): space of smooth compactly supported functions.
e ((Q): space of continuous functions.
o |ul|,(): Luxemburg norm in LP(*)().
® Py (w):
() = [ Jula) P

o LP(Q), WP(Q): classical Lebesgue and Sobolev spaces.

o p'(z):
p(7)

p'(fﬁ) = W'

1



Notation

o 17¥(Q): dual space of LP")(Q).
o W7 @(Q): dual space of Wol’p(x)(Q).

e Vu: weak gradient.

e Au: Laplacian operator.

o A, u: variable exponent p(x)-Laplacian.

e A(u): nonlinear operator (typically p(x)-Laplacian type).
e f(xz): given function / source term.

e ©: test function.

e (.. -): duality pairing.

e | - |: Euclidean norm in RY.

e |Q)|: Lebesgue measure of €).

dx: Lebesgue measure element.

e u, — u: weak convergence.

u, — w: strong convergence.

® U, — U In measure: convergence in measure.

e: small positive parameter.

C, (', Cy: generic positive constants.

e |,: Lebesgue integral over Q.
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INTRODUCTIONI

The study of nonlinear partial differential equations has witnessed significant
development over the past decades, particularly in connection with problems
involving nonstandard growth conditions. Among these, equations driven
by the p(z)-Laplacian operator have attracted considerable attention due to
their ability to model heterogeneous and anisotropic phenomena arising in
physics, engineering, and applied sciences. Unlike the classical p-Laplacian,
the variable exponent framework allows the growth rate to depend on the
spatial position, leading to a richer and more flexible mathematical structure.

This dissertation is devoted to the analysis of the following nonlinear eigen-
value problem:

— Ay (u(z)) = A HuH;((;”))*W) |12y, 1z e Q,
u(z) =0, x € 0Sd.

where 2 C RY is a bounded open domain, A € R is a spectral parameter,
and p(x), q(x) are variable exponents satisfying appropriate growth condi-
tions. This type of problem is inspired by models from mathematical physics,
particularly in nonlinear quantum mechanics and field theory, and involves a
rich interplay between elliptic analysis, nonlinear spectral theory, and phys-
ical modeling.

The mathematical analysis of such problems requires a careful combination
of tools from variable exponent Lebesgue and Sobolev spaces LP(*)() and

Wl’p(x)(Q), which generalize the classical function spaces and present sig-
nificant new challenges due to the lack of homogeneity and the failure of
standard techniques.

This dissertation is organized as follows.

The first chapter is devoted to the functional framework. We introduce the

1



Notation

main properties of variable exponent spaces, including modular inequalities,
embedding theorems, and compactness results. Particular attention is given
to the role of log-Holder continuity, which ensures the validity of key ana-
Iytical tools such as density results and boundedness of operators. We also
present the weak formulation of our main problem.

In the second chapter, we establish several auxiliary results that are essential
for the study of our problem. These include monotonicity methods, weak
convergence techniques, compact embedding results, and eigenvalue proper-
ties of the p(z)-Laplacian operator.

The third chapter contains the core contribution of this dissertation. Moti-
vated by the pioneering work of Franzina and Lindqvist |7], we extend and
adapt their results to the variable exponent setting involving two exponents
p(z) and g(x). More precisely, we establish the following main results:

e Boundedness and regularity of eigenfunctions (Theorem 3.1.1).

e The first eigenfunction has constant sign in €2 (Corollary 3.1.2).

e Simplicity of the first eigenvalue A\ (p(z), ¢(z)) (Theorem 3.2.1 and The-
orem 3.2.5).

e Uniqueness of positive solutions (Theorem 3.3.1 and Corollary 3.3.2).
e The spectrum o(p(x),q(x)) is a closed set (Theorem 3.4.1).
e The eigenvalues diverge to infinity (Theorem 3.4.2).



CHAPTER 1

PRELIMINARIES

1.1 Functional framework

We give some results about the Lebesgue and Sobolev spaces with variable
exponents, which are well known in [3, 9, 11]. The following notations will
be used in the sequel:

[ollpey = vl vl = 0ll-@, ol = 0]l @)

Let P(€2) be the set of all Lebesgue measurable functions p(-) : Q — [1, o0],
where €2 is a bounded domain in R".

Throughout this work, we study the following nonlinear eigenvalue prob-
lem:

r)—q(x T)—2
— Ay (u(@)) = A Hu(w)Hg(&)) 1) }u(x)’q( ) u(z), x €, 11
u(z) =0, x € 05,

where 2 € RY is a bounded open domain with Lipschitz boundary, A € R
is a spectral parameter, and the exponents satisfy:

L<p <p(@)<py <+oo, 1<g <gqr)<qy<p'(z) (12)
with

np(x)
% ——, P+ <n,
piz) = n—plx) 7

00, P+ Z n.

A function p(-) is said to satisty the log-Hélder continuous condition in
if
Veye Quith ey <2 lpla) —p(y) € " (13
L,y WIth [T — Y| = 3, p\r) —ply)| = 3 :
2 —log(|z — yl)



CHAPTER 1. PRELIMINARIES

where Cy > 0 is a constant.We say that p(-) satisfies the log-Holder decay
condition in € if

VeeQ,  |p(x) = peol < (1.4)

where poo = lim,,o p(z) and C > 0 are constants.By Pe(Q) we denote
the class of variable exponents:

1

Ple(Q) = {p() e P(Q): o0 is globally log-Hélder continuous} :
p .

Note that r(-) € P(Q) is globally log-Hélder continuous in €2 if r(+) satisfies

both conditions (1.3) and (1.4).

Definition 1 (Log-Hélder constant). Let p € P%(€). The log-Holder con-
stant of p is defined by

1

Clog(p) = sup |p(z) —p(y)| - log ——, (1.5)
z,yeN ‘x__y|
lz—y|<}

which is the smallest constant Cy > 0 for which the log-Holder continuity
condition

C, 1
Ip(x) — p(y)| < . V%yeﬂdx—MS§, (1.6)

~ —loglz —yl’
is satisfied. We say that p € P8(Q) if and only if Cie(p) < 0.

Proposition 1 (see [2]). Given a domain §2:

1. If p(+) fulfills 1.3, then it is uniformly continuous and fulfills 1./ on
every bounded subset E C §Q.

2. If p(-) € P(Q) and py+ < +oo, then 1/p(-) satisfies either conditions1.5,
1.4 or both if and only if p(-) is also.

Remark 1. From Proposition 1 we deduce that if 2 is bounded, p(-) € C(Q)
and satisfies the conditions 1.2, 1.3, then p(-), 1/p(-) € P8(£).

Now we define the p(-) modular of a measurable function u :  — R as
follows:

o) = [ @) de + esssup uo)|.
O\ Qoo

€N

where

Qoo ={zx € Q:p(x) = 00}

4



CHAPTER 1. PRELIMINARIES

The generalized Lebesgue space Lp(')(Q) is the class of those measurable
functions u defined on € as follows:

Lp(')(Q):{u u e P(Q2 /|u )P d:z:<oo}.
We define the Luxemburg norm of the space LP()(§) by

. u
HUHP(I) = inf {K‘, >0: pp(x)<g> < 1} .

The space LP0) (Q) equipped with this norm is a Banach space.Now we present
some results that concern variable exponent Lebesgue spaces.

Proposition 2. Let u € LPO(Q), (uy)neny C LPY(Q), then
1. HUHLP(;L») <1 <— pp(m)(u) < 1,’ ||uHLp(a:) =1 «— pp(x)(u) = 1,‘
i > 1 = pyuy () > 1.
- +
2. [f HUHLP(I) > 17 then HUHZP(GC) < pp(l’)(u) < ||uH]2p(I)'

+ -
3. [f HU’HLP(I) < 17 then HuHZ[)/p(z) < pp(x)(u) < HuH][),p(m)‘
4. HunHLp(w) — 0 <— pp(x)(un) — 0.
5. |unl| oy = +00 = pppa) (un) — +00.

Proposition 3. (see [4]). Let u,u, € LP™(Q), n = 1,2,.... Then the
following statements are equivalent to each other:

2. limy, o0 pp(a) (U —u) =0,
8. uy, converges to w in measure and 1im, o Pp(z) (Un) = Pp) ().

Proposition 4. (see [/]). Assume that Q has finite measure, py(x), pa(x) €
P(Q2). If pi(x) < po(x) for almost all x € Q and 1 < p;i— < pi+ < 400,

then LP20)(Q) — Lpl(')(Q) and the embedding is continuous.

Proposition 5. (generalized Hoélder inequality, see [9, 12]). Let p(-),p'(-) €
P () such that p~ > 1 and

N
p(-) p

=1, ae x€

')




CHAPTER 1. PRELIMINARIES

Then the inequality

1 1
/ lu(x)v(x)|dz < (— + = ) [[w]] o) [[0]] oo
0 p p

holds for every u € LP@(Q) and v € LP'@)(Q).
The interpolation inequality given in [14[is also needed.

Lemma 1.1.1. If 1 < py < py < p1 < 00, then
luallpy < Hlullyyllellp,
for all w € LP(Q) N LP(QQ) with 6 € (0,1) defined by
1 1-6 46
= +

Do o p

Generally, variable-exponent Lebesque spaces and classical Lebesque spaces
are similar in many properties. Moreover, several results that concern variable-
exponent Lebesgue spaces have been obtained, see for instance [3, 9] for the
following statements.

e The modular p,.) and the norm || - || are lower semi-continuous
with respect to (sequential) weak convergence and almost everywhere
convergence.

e The space LPY)(Q) is reflexive if and only if 1 < p_ < p, < oo.
o Continuous functions are dense if p, < 0o.

The space Wl’p(')(Q) 15 the variable-exponent Sobolev space defined by
WPO(Q) = {u e IPD(Q) : |Vu| € Lp(“”)(Q)} .
This space endowed with the norm

[ullwrse = [[ull o + [Vl o,
1s a Banach space.

We define Wol’p(x)(ﬂ) as the closure of C°(Q) in WO (Q) with respect
to the norm |[ul|1 ) = ||Vl oo, since p(+) satisfies 1.2 and 1.3. The space

W=P0(Q) s the dual space of Wol’p(x)(ﬁ), where p'(z) is the conjugate
exponent function of p(x) such that

1 n 1
px)  p'(x)
We denote Xy = Wol’p(x)(fl) \ {0}, with the norm

Hqu,p(m) = [[Vull pe.-

= 1.

6



CHAPTER 1. PRELIMINARIES

Proposition 6. (see [3/, Theorem 8.1.13). Let p € P(R"™). The space

Wol’p(')(Q) is a Banach space, which is separable if p(-) is bounded,and re-
flexive and uniformly convexr if 1 < p_ < p, < 4o00.

Proposition 7. Assume that 1 < essinf,cqpi(x) < p;j(x) < esssup,cqpi(z) <
+o00, (i =1,2). If pi(z) < pa(z), then WP2L)(Q) — WnL)(Q).

Proposition 8. (see [11]). If Q is bounded, p(x) € C(QQ) such that p, < n
and q(z) defined in Q with ¢ > 1 and

essinf(p*(x) — q(x)) > 0,

zef)

then the embedding Wol’p(x)(Q) — LI)(Q) is compact.
Proposition 9. (see [2], Theorem 6.29, and [3], Theorem 8.5.1).

1. Given Q and p(-) € P(Q) such that py < N, suppose that the mazimal
operator is bounded on LPO)/™'(Q). Then Wol’p(')(ﬂ) c LP"0(Q),and

[ully) < ClVullpe-

2. Let p € P98(Q) satisfy 1 < p_ < p, < N. Then for every u €
Wol’p(')(Q), the inequality

[ull o) < ClIVul| oo

holds with a constant C' depending only on the dimension N, Clog(p),
and p; .

Theorem 1.1.2 (Strong Maximum Principle, see [15]). Let Q@ C RY be a

bounded domain with Lipschitz boundary, and let u € Wol’p(x)(ﬂ) be a weak
solution of
—Apyu = f(x) inQ,

where f >0 a.e. in Q. Ifu>01inQ and u # 0, then u > 0 in €.

Proposition 10 (Weak Maximum Principle). Let u € Wol’p(x)(Q) be a weak
solution of
—Ap(x)u > 0 .

Then

minu = minu = 0.
Q 80



CHAPTER 1. PRELIMINARIES

Theorem 1.1.3 (Picone’s Identity for the p(z)-Laplacian, see |7 ). Let
u,v € Wol’p(x)(Q) with v > 0 in . Define the Picone functional:

p(x)—1

p(x)
L(u,v) = |Vu'® — |Vo[r@-2vy . v(“ )

Then the following identity holds:
L(u,v) >0 a.e. in,

with equality if and only if V<E> =0 a.e 1, e, u= cv for some
v

constant ¢ > 0.
Moreover, the following integral inequality holds:

/|W|P 2V - v( >da;</|w\p

Theorem 1.1.4 (Moser Iteration, see [10]). Let u € Wol’p(m)(Q) be a weak
solution of

—Apyu = f(z,u) inQ,

where | f(z,u)] < Clu|t®~1 with 1 < q(z) < p*(z). Then u € L*(Q), and
there exists a constant C' > 0 such that

el < Cllallyaoo g

Definition 2 (Local O Regularity). Let Q € R be an open bounded
domain and o € (0,1). We say that a function u belongs to the space

Ch(Q) if u € CY(Q) and for every compact subset K C €, there exists a

loc

constant C' = C'(K) > 0 such that
Vu(z) — Vu(y)| < Clz—y|* Vz,ye K. (1.7)

In other words, the first-order partial derivatives of u are locally Hélder
continuous with exponent « in €.

Theorem 1.1.5 (Holder Regularity, see [15]). Let u € Wol’p(x)(Q) N L>(Q)
be a weak solution of

—Appu=f inQ,

with f € L®(Y). Then there exists o € (0,1) such that
€ Cioc ()

and the first deriwatives of u are locally Holder continuous in €2.

8



CHAPTER 1. PRELIMINARIES

Now we define what a weak solution of problem 1.1 means.

Definition 3 (Weak solution). A function
uGWOl’p(x)(Q), u # 0,
is called a weak solution of problem (1) if

/Q|Vu|p(f”)_2Vu°V90 dr = M|u\|5g))_q(w)/g|u|q(m)_2ug0daf

for all
o € WP (Q).

Proof.

We derive the weak formulation of problem (1.1). Let ¢ € T/VO1 P <96)((2) be
an arbitrary test function. Multiplying both sides of the equation by ¢ and
integrating over €2, we obtain:

— / div(|Vu|p(x)2Vu) pdr = A\ Hu||p((§))_q(x) / |12y o da.
0 ¢ 0
Applying Green’s formula to the left-hand side:
/div(F)gpda: = —/F : Vgpd:z:+/ (F-n)pdo,
Q 9) o9
with F = |Vu[P®)"2Vy, we get:

—/div(|Vu\p(x)_2Vu)<pdx:/|Vu|p(x)_2Vu-Vg0d:c— |Vul|P@=2(Vun) ¢ do.
0 0 20

Since p € Wol P (‘r)(Q), we have cp‘ 50 = 0, and therefore the boundary integral
vanishes:

V| "2(Vu - n) pdo = 0.
o0

Hence, we arrive at the following weak formulation: find u € W,” (Z)(Q),
u # 0, such that

[ 190 Vi de = Al [ g e
0 1 Q

holds for all ¢ € W ().
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Definition 4 (Eigenvalue). A real number A € R is called an eigenvalue of

problem (1.1) if there exists a nontrivial function v € W, (x)(Q), u # 0,
such that

T

/Q |vu|p<x>*2w.wda;:AHuHiEmi_m /Q |u|* @20 dx (1.8)

holds for all ¢ € VVO1 P (x)(Q). The set of all eigenvalues is called the spectrum
and is denoted by o(p(x), q¢(x)).

Definition 5 (Eigenfunction). A function u € VVO1 r (x)(Q), u # 0, is called
an eigenfunction associated with an eigenvalue A € o(p(x), ¢(x)) if it satisfies

/Q |vu|p<x>*2w-wda;:AHUHSE”ETW) /Q |u|*@ 2 dx (1.9)

T

for all p € Wol’p(x)(ﬂ).

Definition 6 (Maximal Monotone Operator). Let X be a reflexive Banach
space and X * its dual space. An operator A : X — X*is said to be monotone
if

(A(u) — A(v), u—v) >0 VYu,veX. (1.10)
The operator A is called maximal monotone if its graph
G(A) ={(u, A(w)) :u e X} (1.11)

is not properly contained in the graph of any other monotone operator from
X to X*. Equivalently, A is maximal monotone if and only if

R(A+J)= X", (1.12)
where J : X — X* denotes the duality mapping of X.

10



CHAPTER 1. PRELIMINARIES

If X is a normed vector space, X* will denote the strong dual space,
consisting of all the linear functionals on X that are continuous with respect
to the topology induced on X by the norm and (-, -) will denote the duality
pairing between X and X*. If Y is another normed space, then £(X,Y") will
stand for the space of all continuous linear mappings from X to Y.

1.2 Differentiable functions

Let (X, - |lx) and (Y,]| - |ly) be two normed vector spaces, A C X, u
an interior point of A and v € X. The directional derivative of a function
J : A=Y at u along the direction v is defined by

t _
0, (u) = lim 14+ 1) = T (1)
t—0 t
provided the limit exists in Y.
The function J is said to be (Fréchet) differentiable at u if there exists a

continuous and linear mapping L € £(X,Y) such that the limit

i S (@t h) = J(u) — L(h)

h—0 17| x

holds in Y. If there exists such a linear function L, then it is uniquely
determined, is denoted
L=Ju),

and is said to be the (Fréchet) differential of J at u.
Moreover,

= (1.13)

1T (u+h) = T (lly < [IL(R)[ly + oAl x),

as h — 0in Y and J is continuous at u.
The function 7 is called Gdteaux differentiable at u if there exists a linear
mapping T' € L£(X,Y) such that the limit

lim J(u+ev) — J(u)
e—0 g

holds in Y. If there exists such a linear mapping T', then it is unique, we
denote it by

= T(v) (1.14)

T =DJ(u),
and we call it the Gdteaux differential of J at wu.
Moreover,

1T (u+ev) = T(w)ly < el T()[ly +ole),

as € — 0 and J is continuous along all straight lines passing through w.
Proposition 11. Let X,Y be normed spaces, A C X, u an interior point
of A, and let J : A — Y be Gateaux differentiable in a neighborhood of
u. If the Gateaux differential DJ s continuous at u, then J 1is Fréchet
differentiable at u.

11



CHAPTER 2

AUXILIARY RESULTS

In this chapter, we recall the main mathematical tools and results that
will be used throughout this work. These results concern variable exponent
Lebesgue and Sobolev spaces, compactness, monotonicity, and eigenvalue
problems involving the LP*)-Laplacian operator.

2.1 Variable Exponent Spaces

Proposition 12. Let p € C(Q) such that 1 < p~ < p(z) < pt < oo. Then
the space Wol’p(x)(Q) is separable and reflexive.

Lemma 2.1.1 (Sobolev inequality, see [8]). There exists a constant C > 0,
independent of u, such that

1,p(x
lully) < ClVullyey, — Vu € Wy ().
In particular, this implies that the first eigenvalue satisfies
Al > 0.

Proposition 13 (Poincaré inequality). There exists a constant C > 0 such
that

1.p(x
lullpe) < ClIVullyw),  Vu € Wy"W(9).

Proposition 14 (Modular inequalities). For any u € LP®)(Q):
o If ||lullp@) <1, then

+ " -
lullfy < [ 1l < full,

o If ||ullp@) > 1, then

lully < [ 1ude < full,
12
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Proposition 15. The space C§°(S2) is dense in Wol’p(x)(Q).

Theorem 2.1.2 (Lyusternik Schnirelmann Theory, see [13]). Let X be a

reflexive Banach space and let J : X — R be an even functional of class C1.
Define the constraint manifold

M = {u € Wol’p(x)(Q) ; / |u|?®) dz = 1}.
Q

For each k € N, define

Au(p(2), () = inf Sup / |Vl

where
={A C M : A is compact, symmetric, and v(A) > k},

and ~y denotes the Krasnosel’skit genus. Then A\,(p(x), q(x)) is an eigenvalue
of problem (1.1) for each k € N, and

Me(p(x),q(z)) = +00  as k — oo.

Definition 7 (Krasnosel’skil Genus, see [13]). Let A C X \ {0} be a closed
symmetric set. The Krasnosel’skii genus of A is defined as

v(A) = inf{k € N:Jp € C(A,R*\ {0}), ¢ odd}.
If no such k exists, we set y(A) = +o00, and v(0)) = 0.

Proposition 16 (Properties of the Genus). Let A, B C X \ {0} be closed
symmetric sets. Then:

1. If AC B, then v(A) < y(B).

2. (AU B) < ~v(A4) +v(B).

3. If v(A) > 2, then A contains infinitely many points.
4. If Ais a (k — 1)-dimensional sphere, then v(A) = k.

Theorem 2.1.3 (Palais Smale Condition). Let J : Wol’p(x)(Q) — R be the
energy functional associated with problem (1.1), defined by

1

1
J(u :/—Vup(x)da:—)\/—uq(x)dx.
() Qp($)| l QQ($)| |

A sequence (u,) C Wol’p(x)(Q) is called a Palais Smale sequence if:

13
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1. (J(uy)) is bounded,
2. J'(u,) — 0 strongly in W=/ @) ().

The functional J satisfies the Palais Smale condition if every such sequence
has a strongly convergent subsequence in Wol’p(x)(Q).

Theorem 2.1.4 (Mountain Pass Theorem, see [16]). Let X be a Banach

space and let J € CY(X,R) satisfy the Palais—Smale condition. Suppose
that:

1. J(0) =0,
2. There ezist p,a > 0 such that J(u) > « for all ||u|| = p,
3. There exists e € X with |le|| > p such that J(e) < 0.

Then J has a critical value

— inf max J(y(t)) >
¢ = Inf max (v(?) = «,

where ' = {y € C([0,1], X) : v(0) =0, (1) = e}.

Theorem 2.1.5 (Rellich Kondrachov Compactness Theorem). Let 2 C R"
be bounded and let p € P8(Q). Assume q(z) < p*(x) for all x € Q. Then:
Wy () v L19(Q)

1s a compact embedding.
Proposition 17 (Existence of minimizer, see [8]). There ezists a non-negative
minimizer
uGWOl’p(x)(Q), uZ 0,
of the Rayleigh quotient
Vl|p

Ay = ing 1V 0lbto),

00 [[0]lp)

Proof. We select a minimizing sequence (v;) normalized so that

11l p(zy = 1.

Then .
A= T (V0,00

By Theorem 2.1.1, we extract a subsequence, still denoted by (v;, ), such
that
vj, — u strongly in LPO/(Q),

14
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and
Vo;, — Vu weakly in LP®)(Q).

By the weak lower semicontinuity of the norm, we obtain
[Vl pa)

VU, T

s ijpr(x)

= A.

Hence, u is a minimizer.

2.2 Embedding Results

Theorem 2.2.1 (Sobolev embedding). Let ¢ € C(Q) such that q(z) < p*(x).
Then

Wo " () = L19)(Q)
continuously.

Theorem 2.2.2 (Compact embedding). If ¢(x) < p*(x), then the embedding
Wo (@) = L1(9)
18 compact.

Lemma 2.2.3. If u, — u in Wol’p(x)(Q), then

U, — u  strongly in L1@) ().

2.3 Monotonicity and Nonlinear Tools

Proposition 18 (Monotonicity). For all u,v € W™ (),
/ <\Vu|p(””)_2Vu — |Vv|p(x)_2Vv> - (Vu — Vv)dz > 0.
0

Proposition 19 (Strict monotonicity). Equality holds if and only if Vu =
Vo almost everywhere.

Lemma 2.3.1. Let ¢ = (u—v)" = max(u — v,0). Then
qu = X{u>v}(VU — Vv).

Lemma 2.3.2.
(A(u) — A(v)) - V(u—v)" > 0.

Q
15
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2.4 Weak Convergence Tools

Definition 8. A function u € Wol r (@(Q) is called a weak solution if

/|Vu\p(m)2Vu-Vgpdx:/fcpdx
0 0

for all p € C§°(£2).

Theorem 2.4.1. FEvery bounded sequence in Wol’p(x)(Q) admits a weakly
convergent subsequence.

Theorem 2.4.2 (Weak lower semicontinuity).
/ VulP®de < lim inf/ |V, [P
n—

Lemma 2.4.3. If u, — u in L9%(Q), then
[ | 1) 200, — || 1) 2.
Proposition 20. The mapping
w— ul?2y

is continuous from LI®)(Q) into LY@ ().

2.5 Energy Functional

Proposition 21 (Scaling property). For a > 0,
_Ap(x)(au) - ap(x)_l(_Ap(w)u)a

and
lau|f 2 (qu) = af® 7y |15)72y,
Proposition 22. Let u # 0 and define
u
v =
Then ||v]|4z) = 1.

Proposition 23 (Energy identity). If u is a solution of
—Appyu = A1) ~2y,

/|Vu\p(m)dx:)\/ |9 .
0 0

16
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2.6 Eigenvalue Properties

Lemma 2.6.1. If u is a nonnegative weak solution, then either u = 0 or
u >0 1in €.

Lemma 2.6.2. Any first eigenfunction u satisfies u > 0 or u < 0 n Q.

Theorem 2.6.3 (Simplicity of the first eigenvalue). If u; and uy are two
eigenfunctions associated with A\, then there exists a constant ¢ such that

U1 = Cus.
Definition 9 (Eigenfunction, see [8]). A function
uEWOI’p(x)(Q), u Z 0,

is called an eigenfunction if
/ Vul[P @ 2Vy - Vo dr = AS/ |uP® 240 dx
) Q

holds for all
v € Cp° (),

where A is the corresponding eigenvalue.
2.7 Auxiliary Inequalities
Lemma 2.7.1. For q(x) < p(x),
a? @i =PE) < O (1) 4 pa@)y,

Lemma 2.7.2. If Vu =0, then u is constant.
Lemma 2.7.3. If0 <n <1 and u < nu, then u = 0.

2.8 Limit and Spectrum

Theorem 2.8.1. Let u,, — u and \,, = \. Then u is a solution of the limat
equation.

Proposition 24. The spectrum o(p(x), q(x)) is closed.

17
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MAIN RESULTS

Introduction

In the constant exponent setting, nonlinear eigenvalue problems involving
the p-Laplacian operator have been extensively studied, and several funda-
mental results have been established. Among these contributions, the work
of Franzina provides important insights into the existence and qualitative
properties of eigenvalues associated with such problems.

The aim of this chapter is to extend these results to the more general
framework of variable exponent spaces. More precisely, we consider the eigen-
value problem driven by the p(x)-Laplacian operator and investigate how the
techniques and conclusions obtained in the constant exponent case can be
adapted to this nonstandard setting.

The transition from constant to variable exponent spaces is far from triv-
ial. Indeed, the lack of homogeneity and the pointwise variability of the
exponent introduce significant analytical difficulties. Classical tools must
be carefully re-examined, and several arguments require substantial modi-
fications. In particular, the properties of the Lebesgue and Sobolev spaces

LP)(Q) and W) (Q) play a crucial role in the development of the theory.

In this chapter, we reformulate the eigenvalue problem in the variable
exponent framework and establish the corresponding weak formulation. We
then adapt the main arguments used by Franzina, including variational tech-
niques and monotonicity methods, to prove analogous results in this more
general context.

Special attention is devoted to the choice of appropriate test functions,
scaling arguments, and the handling of nonlinear terms involving variable
growth. These adaptations allow us to derive key inequalities and ultimately
extend the principal results to the p(x)-setting.

The results obtained in this chapter form a fundamental step toward the
study of eigenvalue problems with nonstandard growth and provide a bridge
between classical theory and modern developments in variable exponent anal-
ysis.

18
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3.1 The Eigenvalue problem

Theorem 3.1.1. Let Q be a domain in RN with finite measure,
1 <p(x) <ooandl < q(x) <p*(x). Let X\ > 0 be an eigenvalue of equation

3 and u € Wol’p(x)(Q) be a corresponding eigenfunction. Then u is bounded
and its first deriwatives are locally Holder continuous. Moreover, if u > 0 in
Q then u > 0 in Q.

Proof.

Step 1. Boundedness: We prove that u € L>()

Let u € WyP™(Q), 1 < p(z) < o0, 1 < g(z) < p*(z) and A > 0. The
Euler-Lagrange equation is given by

= div ([ul" 7 T ) = Al ful (3.1)
Define )
flu) =Clul™u,
with C = A HuHZEz;_q(gj) is a strictly positive constant. Then, equation (3.1)

becomes
—Aju=Clu|™™ 2y, (3.2)

Since u is a weak solution, for every ¢ € Wol () (€2), we consider the following
weak formulation

/ IVul!'" 2 VuVe dr = C’/ |92y da. (3.3)
) Q0
Using Moser iteration method, we choose
o= lu|™ u,
with
1 < p- <B(x) < By < +oo. (3.4)

We first compute the gradient, we have

V(|u|" w) = |u|®™ Vu + B(2) |u|*™ Vu = (B(z) + 1) |u|*™ V.
Equation (3.3) becomes

/ (B(z) + 1) |u'@ |Vu® dz = C / @@ g (35)
Q Q

19
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Now, let w = [u|*") with a(z) = /B(xg(g(x), therefore

|Vw|p(x) _ (&(x)>p(w) |u|(a(w)—1)p($) \Vu|p(x)
We know that

afw) =1 = TLEE g B8 ) = (afa) - plo).
thus, we obtain
\Vw\p(x) _ (oa(x))p(fr) ‘u‘ﬂ(x) |Vu\p(x) 7 (3.6)
substituting |u|*@ [Vu['™ ;) IVw[P® into (3.5), we get

/ﬁva dx<C{/hW3+q
C (a+

B_+1
that is to say by Proposition (2)we find

where C; =

max { Vol Vol ) <c /Q ) g, (37)

with
ey max { [ Vwll, Vel b Clan) max{ Vw2, Vel }

2_

min { Vel [Velb, (8 + Dmin { | Vwll, [ Vwlly, }

Applying Sobolev inequality (Proposition (2)) since w € W,”(Q), and using
(3.7) we arrive at

maae {S 7wl 7wl } < € [ a7 .

Le.,
max { ol ol | s&/wmwmm. 35)

B(z)+p(z
where C3 = CoSP+. Since w = |u| *@ " then

. (8(@)+p()p* (=)
/\w|p (=) dx:/|u| T g
0 0

20
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Set ro(z) = (B(x)+p(=))p” (x)
2 p(x)
equation (3.8) becomes

/Q |2 do < ¢y /Q u|"") . (3.9)

Proposition (2) gives

and 7 (z) = B(x) + ¢q(x), in view of Proposition 2,

] 72 < Cy fluf 1%
Consequently, there is a constant C4 such that

||uHr2(x) < C4 HuHrl(x) )

By repeating the previous argument, setting 7, 1(z) =
ro(x) = Bu(x) + q(x), we have

rne1(z) = (rn(x) + p(x) — q(z)),

that is to say, rp11(z) > rp(x) from p(z) < p*(x) and (r,(z)),, diverges to
+00. letting n tends to +00 we ontain u € L>((2).

Step 2. Local Holder Continuity of First Derivatives: Since u €
L>*(Q) (from Step 1), the right hand side of equation (3.2) satisfies:

flx) = Clu|"™2u € L*(Q),
since u is bounded. Therefore, equation (3.2) can be written as:

_Ap(x)u - f(ill’), f S LOO(Q)

By the regularity result of Fan and Zhao [6], any weak solution u € VVO1 () (Q)
of

—div(|Vu\p(x)_2Vu) = f(z), feL®Q),

belongs to C’ltg(Q) for some o € (0,1). More precisely, for every compact

subset K C €, there exist constants @« = a(N,p_,p.) € (0,1) and C =
C(K, ||u||z, || f]|z=) > 0 such that:

HVUHCO,a(K) < C.

Hence, the first derivatives of u are locally Holder continuous in §2.
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Step 3. Strong Maximum Principle:
Suppose u > 0 in Q. Since u € C%(Q) and u satisfics:

—Appyu = Clul™ 24 >0 inQ,

by the strong maximum principle for the p(x)-Laplacian (see [5]), either
u=01in Q or u > 0 in 2. Since u is an eigenfunction, u # 0, and therefore
u > 0in Q.

Corollary 3.1.2. Let Q be a domain in RN with finite measure, and let
p,q € P%(Q) such that 1 < p~ < p(x) < p* < oo and 1 < q(x) < p*(x) for
allx € Q. Letu € Wol’p(x)(Q) \ {0} be a first eigenfunction corresponding to
M (p(x),q(x)). Then either u >0 oru < 0 in €.

proof.
Since u is a first elgenfunctlon corresponding to Ai (p(z ) q(x)), it follows from
the definition of \(p(x), ¢(z)) that u is a minimizer of the functional

/\Vv\p dx
/|v|qx dx
0

among all nontrivial functions in W, " (x)(Q).
We observe that replacing u with its absolute value does not change the
value of this quotient. Indeed, it holds almost everywhere in 2 that

V]ul| = [Vul,

[ 19talp d = [ [7upte
Q Q
J Nl do = [ Jal
Q Q

Hence, the quotient remains unchanged when u is replaced by |u|, which

implies that |u| is also a minimizer and therefore a first eigenfunction.
Since |u| > 0, we can apply the strong maximum principle (see (3.1.1)),

which ensures that a nonnegative eigenfunction cannot vanish in €2. Hence,

lu| >0 in .

and therefore

Moreover,

If u changed sign in €2, then it would vanish at some point in €2, which
contradicts the previous conclusion. Therefore, u does not change sign, and
we conclude that either

u>0 or uwu<0 in €.
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3.2 On The Simplicity Of \(p(z), q(z)

Theorem 3.2.1. Let Q C RN be a domain with finite measure, and let
p,q: Q) — (1,00) be measurable functions such that

1 <q(x) <plx) <oo foralze.

Then A\ (p(x),q(x)) is simple; i.e., the eigenfunctions corresponding to
M (p(x),q(x)) form a linear space of dimension one.

Proof.

To prove (3.2.1),we use picone’s identity for the p(z)-Laplacian.(see [1]and
|71)
Let u,v > 0 be two weak solutions for the following eigenvalue problem

(1.1),ie.,

—div (Va2 va) = Al (310
—div (|Tu720) = Ay fuflrr) ) (3.11)
With u = v =0 on 0Q.Let ¢ € C§°(£2) be a test function, such that:
1)
Y= U‘I(x)*l

Multiplying equation (3.11) by ¢ and integrating over €2, we have:

q(z)
I, —/|W\p 29y . v( “(x) >dx

q(x)
— Ayl ”“”’/vq(@—l“—dx
Q

Q(x) /Uq(x)—l
_ p(z)—q(x) ()
= )\1HUHq(x) /Quq dzx.

Moreover, multiplying equation (3.10) by w and integrating over €0, we

get:
- / (VulP@da = A [lul|7) 7 / w@dz.
Q Q

Using Picone’s identity for the p(x)-Laplacian, that is

/\W\p Vo - v< )dx /\vuv’
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Yields that:

Aol [P0 [ i@ g < [ VuP@da (1)
q(x) Q Q
Now, proceeding in the same way with equation (1) with u, using the test
function ¢ = ufj(qT(ﬁl, we find
A[|ul P91 [ 1 @ae < [ woP@Pda (2)
q(x) 0 0

On the other hand, we know that u,v are minimizers that satisfy the
Rayleigh quotient, i.e.,

)qHuHZEg_q(x)/Q\u\q(x)dx:/Q|Vu\p("”)dx ...... (3)

Ao )o@ /Q 0|0 g = /Q Vol @dz . (4)

So, from (1) and (3) we obtain,

T xT

Aflo][2e) 7 /Q W dy < )1 /Q Ay (5)

and the same from (2) and (4) we get:

€T X

A )2 /Q V"0 da < ol /Q W @ dz . (6)

From inequality (5), since [, w?@ dz > 0, we can divide both sides to
obtain:

o7 <l (7)

T

From inequality (6), since [ v1@) dx > 0, we similarly obtain:

P~ < o2~ (8)

Combining (7) and (8), we conclude:
[llg) = lvllg@)  (9)
Now, equality in Picone’s identity holds if and only if V <%> =0 a.e. in
2, which implies that % = ¢ for some positive constant ¢ > 0, that is:

U = Cv.
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Since both u and v are normalized so that |[u|ym) = ||v]l4@), it follows
that ¢ = 1, and hence u = v.

Therefore, the eigenspace associated with A\ (p(x), ¢(x)) is one-dimensional,
which proves simplicity:.

Theorem 3.2.2. Let Q be a ball in RN centered at zero. Assume that
p(x),q(x) € P(Q) are radial functions such that 1 < p~ < p* < oo and
1 < q(x) < p*(x) for all x € Q. Then the eigenfunctions corresponding to
M (p(x),q(x)) are radial functions.

proof.
We prove that if the domain €2 is a ball, then the first eigenfunction w is

radially symmetric and decreasing. Let Q be a ball in RY. We assume that
the exponents p(z) and g(x) are radial functions, denoted by:

p(z) = p(lz]) and g(z) = q(|z]).

Set u(x) = ¢ (r) where r = |z|,s0 we have

ou T
Consequently,
Vu=¢/(r)= = |Vu| = [¢/(r)]
and .
[Vl 2w = [¢' (r) P02 ()
r
Recall the

div (F()%) = 1'(r) +

By setting f(r) = W’(T)‘p(x)—?w/(fr)’ we get
/ N _

div (f(ﬂ%) — (‘90/|p(x)_290/> + - |g0/‘p(:c)—2g0/

By substituting this into our main equation, we obtain:

_ [(wmm—z@/)br E|¢/‘p<x>—2¢] — Afolf)2,
r
Multiplying both sides by 7V ~! leads to the following simplified form:

—(rN T PO 2 = A |12
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suppose that the solution is positiveji.e., u > 0 = ¢ > 0, it follows
that the right-hand side is positive,that is to say:

M ] 120 > 0,
this implies that the derivative of the radial flux is non positive.i.e.,
(rV ' P2y <0
Given the condition ¢’(0) = 0, we conclude that:
©'(r) <0 forallr >0
(

Hence, the radial solution ¢(r) is decreasing.

Lemma 3.2.3. Let 1 < p(x) < oo, 1 < g(x) < p*(x) and A\,c > 0. Then
the Cauchy problem

— (PN P = N2, e (0, R),
»(0)=¢, ¢'(0)=0,
has at most one positive solution

¢ € C'([0, R]) N C*((0, R)).

(3.12)

Proof.
To study the Cauchy problem in the variable exponent case, we write.

(P GPI2GY = AN g0,

Integrating from 0 to r, we have

/r(tN—1|¢/|p(t)—2¢/)/dt — /T tN_1|¢|q(t)_2¢ dt.
0 0

Using the condition ¢'(0) = 0, we get

TN—1|¢/‘p(7’)—2¢/ _ _)\/0 tN—l‘¢|q(t)—2¢ dt.

For each r, we define
gr(t) = |7,
it is easy to show that the function g, (¢) is strictly increasing , then

g (¢/(r)) = |¢' P2
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Since 1 < p_ < p(r) < py < 0o, the function g, is strictly increasing and
invertible, thus

o) =g, (—% /O EARIPORY dt> |

Since also,

o(r) = $(0) + / .

with ¢(0) = ¢, we obtain

o(r) = c + / () dt,

replacing the expression of ¢’, we find

r )\ t
(r) =c— /O g (tNl /O sN—1|¢\q<S>—2¢ds) dt.

Now, define the operator T:C1[0,R] inter C2(0,R)— R,by
T A "N 2
T(@)(r) =c— /0 9 (tN—l /0 S cbds) dt.

we prove that T has a fixed point, i.e.,

¢ =T(9).

this solve the cauchy problem (3.12) Assume that there exist two solutions

¢1 and ¢o. Then
T(¢1) = ¢n, T(¢2) = ¢o.

So
¢1 — ¢ =T (1) — T(2).
and
1 — dall = [|T(d1) — T(¢2)]]-
We have,
T6)0) =TI < [ o (on(0) - g7 (6l
where

AN e |
¢i(t) = N1 sNH |12 g ds, i = 1,2,
0
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Since g; is strictly increasing and p(t) is bounded,then the inverse g; ' is
locally Lipschitz. Hence there exists a constant C' > 0 such that

l9:'(a) — g, (b)] < Cla—1bl.

Therefore,

T(¢1) — T(2)| < C/ p1(t) — oa(t)|dL.
0
Let
f @, u) = |ul 12y,
Since ¢(z) is bounded, f is locally Lipschitz. hence,
|f(u) — f(v)] < Clu— .
So,

61(t) — (1) < C / 61 — dolds,

we obtain

r t
T(61) — T(¢w)] < C /0 /0 61 — dolds dt,

that is to say,
[T (¢1) — T(d2)|| < Cie)||or — @2l

Choosing £ > 0 small enough such that
01(5) < 17

we conclude that T is a contraction on [0, €].
Therefore ,from the Banach fixed point theorem,we deduce that

¢1 = ¢ on [0,¢e].

By repeating the argument, we extend the equality to the whole interval

[0,R].i.e.,
¢1= ¢ on [0, R].

Finally from the above we conclude that the Cauchy problem admits at
most one positive solution.

Lemma 3.2.4. Let N > 1, 1 < p(r) < o0, 1 < q(r) < p*(r) and ¢1,co > 0.

Let ¢1, 0o € CH0,R] N C*0,R) be two positive solutions to the Cauchy
problem (3.12) with ¢ = ¢y, co Tespectively.
If c1 < co, then

o1(r) < ¢o(r)  for all v € 10, R).
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Proof.
Let:

w(r) = ¢1(r) — ¢a(r)
w(0) =c1 —c3 <0
w'(0) =0
Suppose the contrary: There exists ry such that:
w(ry) >0
Since w(0) < 0: There exists a point 7 such that for r > ry:

w(r) >0 and w(r;) =0

We have:
¢1(r1) = Pa(r1)
and
w'(ry) >0
For:=1,2:

!/
_ (TN1’¢;|p(r)2¢;) _ )\erl(ﬁg(r)—l
After subtraction, we obtain:

= (P A = Ap) = A (o] - )

where:

A; = |62,

Since ¢y > ¢ after r; and q(r) > 1, the function ¢ — 2~ is increasing.
Therefore:

17— ol > 0
Since: /
— (PN 20— e ) > 0
It follows that:
/
G A AL ) IR

That is, the function 7V ~1(A; — A,) is a decreasing function.
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At rq:
¢ = ¢
w'(ry) >0

This implies that the difference between the derivatives is non-negative.
However, the function must be decreasing.
Therefore:
w(r) <0 = é1(r) < da(r)

Theorem 3.2.5. Let Q be a ball in RYN. Let p,q € C(Q) such that
1<p <px)<p" < oo, 1 <q(x) <p*(x) forallxeQ.

Then the first eigenvalue A(p(x), q(x)) is simple.

Proof.

Case 1: N =1
In this case the main equation is written as:

_d
dx

with boundary conditions

(420 =

u(0) =u(1) =0

Assume the existence of two positive solutions u; > 0 and us > 0.
Consider the test function ¢ € C§°(2)

uzl?(w)

(z)-1"

=7
Ug

Multiplying the equation with us by ¢ and integrating over [0, 1], we

obtain:
1 p(z) \' 1 p(z)
/ | [P =24 —u(l = dr = )\/ ug(x)_l u(lx)_ldx.
0 uy " 0 uh

Picone’s inequality, we have:

1 1 ) !
[ e = [y (SE ) d.
p(z)
0 0 ub
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It follows that
1 1
/ \u’l\p(x)dx > )\/ uﬁ)(x)ug(x)_p(@dm.
0 0
From the main equation with uy, we also have:

1 1
/ |uh |P@) dx = )\/ u(f(x)dx.
0 0

Similarly we arrive at

1 1
/ W@y > / W 1020 g
0 0

Note that () —a(2)
p(x)—q(x
)P ) ( w ) |
Uz
p(x)—q(x)
Using the fact that p(x) > g(x), it follows that (g-;) > 0.

Since by the normalization condition
[ut]l Lo ) = w2l o ) = 1,
we can deduce that:
uy; = kus for some constant k£ > 0,
that is to say,
HU1HLq<w>(Q) = |k| - HU2HL‘1($)(Q) =L
Which implies £ = 1. Consequently, we conclude that

Uip = Uus.

Case 2: N >1

By Theorem 2.9.3, it follows that u;(x) = ¢;(r). In this case, the equation
is rewritten in radial coordinates as

/
. (TN1|¢/|p(r)2¢l) _ )\,',,N*1|¢|q(7")72¢.

Suppose that
¢1(0) < ¢2(0),
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by Lemma 3.4, we obtain:
O1(r) < ¢po(r) = ur(x) < us(x).
Given the normalization condition
il Loy ) = 1, fori=1,2.
The strict inequality u; < us implies
w1 o) < [Juzll Lo @)-

which is a contradiction.
Consequently, we must have

U1 = U9.

This proves that the first eigenvalue A\ (p(z), ¢(x)) is simple.

3.3 Further Uniqueness Results

Theorem 3.3.1. Let Q be a domain in RN with finite measure, and let

p,q € C(Q) such that
1 < q(x) <plx) forallx el

77p(a?)—l <qpp !

Proof.

Assume, that Ay < A. Let u; and u be positive eigenfunctions associated
with A\; and A, respectively. They satisfy

—le (’VUllp(x)_QVul) == Al‘ullq(m)_2u1
—div (|VulP@2Vu) = Mul1@)-2y

Set & = nu. We have
V(nu) = nVu,

Consequently, we obtain

|V (nu) P92V (nu) = pP @1 VP2V,

and
—div (|9 () 2V () ) = ) A1)
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choose n as follows
1

(W)

Since p(x) > p~, it follows that

A
plz)-1 21
=
Thus, the equation with nu satisfies
—div (\V(nu)|p<x>_2V(nu)> < A ul?®=2y,

Now, let ¢ € Wol’p(x)(ﬂ) be a non-negative test function (¢ > 0), for u;,
the weak form is:

/ IV, [P 2V, - Vo dr = A / ucll(x)_lgo dx,
Q Q
for nu, we have:
/ [V () 72V (nu) - Vo da < A / (u)" o da.

Q Q

By choosing the test function ¢ = (uy — nu)™, we may write
/ (\Vu1|p($)2Vu1 — |V(nu)|p<x)2V(nu)) - V(ug —nu)Tdx <0.
Q

We utilize the monotonicity of the operator A(x, &) = |[£[P)=2¢, that is

(A(z,€) — Az, ¢)) - (€= ¢) = 0.

By substituting £ = Vuy , ( = V(nu), and using the test function ¢ =
(up — nu)™*, we get:

/Q <\Vu1|p(x)_2Vu1 — |V(nu)|p(m)_2V(nu)> - V(uy — nu)tdr > 0.
From the weak inequality derived previously, we also have
/Q (|Vu1\p(x)2Vu1 — \V(nu)\p(m)QV(nuD -Vpdr <0.
Combining these two results, it follows that:
(9P 2V~ 929 ) - Vipdo = .
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This implies
V(up —nu)™ =0 = (ug —nu)™ =0,

which leads to
u; < nu

By repeating this argument , we obtain:
wu < nku Vk € N.

Since n < 1, taking the limit as & — oo then u — 0, which contradicts
the assumption that u; is a positive eigenfunction. Thus, A; must equal .
Since 0 < n < 1, it follows that:

n"—0 asn—
By taking the limit in the previous inequality u; < n"u, we obtain:
Uq S 0.

contradiction with the assumption that u is a positive eigenfunction (u; >
0).
Hence

A= Ai(p(), q(x))

Corollary 3.3.2. Let Q be a domain in RN with finite measure and 1 <
q(x) < p(x).The equation

— Ay = |12y

has a unique positive solution in Wol’p(x)(ﬂ)\{O}.
Proof.

We aim to prove the existence of a unique positive solution for the follow-
ing equation:

_Ap

Let u > 0 be a solution to the equation:

()0 = |U|q(w)—2v

u

x;—q(x) ‘u’q(x)—Q

— Aoy = M lull"}

We define v as follows:

u
V= —
[l gz
By direct calculation, we have:
\Y
Vo=—""
[llg(a)
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Using the properties of the p(x)-Laplacian operator, we obtain:

Vo ‘p(r)—vi — p(x)=2v7,,

[ Hp(”‘l' |

Therefore: 1

~Byyv = —m (= Apu)
)
q(x)
Substituting the equation for u into the expression for v, we get:

— Ay = — L [Jul o) 1 12y

HMVx o

By simplifying the terms, we arrive at:

1
_Ap(x)v q(z | ‘q -
HH
Expressing |v|?®) 2y in terms of u: Since we have:
u
v =
el g
It follows that: 1
o2y = — o2,

Thus, we obtain
~Dyayv = Mo

This confirms that v is indeed a solution to the problem.
Assume the existence of two positive solutions vy, v9 > 0 such that

—Ap)V = |v]7®) =2y
We can rewrite the equation as follows

— Ay = A7) ]2 (3.13)

.23

where the parameter A is defined by:

—_

‘p(x)—Q(ﬂf)

ol
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Consequently, every solution is an eigenfunction of the operator. Accord-
ing to Theorem 2.9.7, any positive eigenfunction associated with A\ (p(z), ¢(x))
(given that A = A1) must satisfy:

V1 — CU2

for some constant c. Substituting v; = cvy into the original equation, we
evaluate both sides:
Left Hand Side

By the homogeneity property of the p(x)-Laplacian, we have:
_Ap(x)(CUQ) - Cp(x)—l (_Ap(x)UQ)

Right Hand Side )
|cva |10 72 (cy) = A0y |160) =2y,

By comparing both sides of the equation, we obtain:

This simplifies to:
P —al@) _q

Given the assumption that p(x) # q(x), it follows that:
c=1
And consequently:
U1 = 12
This completes the proof of uniqueness.

Lemma 3.3.3. Let Q be a domain in RN with finite measure, 1 < p(z) < oo
and 1 < q(x) < p*(z) with q(x) # p(x ) Let Sp(z)q(x) be the set of all
nontrivial solutions to (3.3.2). If w € Spz)e) 5 a point of minimum for
the restriction of J to Syuq@) then w zs an eigenfunction corresponding
to M(p(x),q(x)). In particular, \(p(x),q(z)) is simple if and only if the
restriction of J to Spz)e(x) has a unique (up to the sign) point of minimum.

Proof.
Let the manifold S, () be defined as:
1.p(x
Sp(w)a(z) = {v € Wo Q)0 # 0, [[v]l ) = 1}
Since ||v|4(z) = 1, it follows from the properties of Luxemburg norms that:

/ |v|q<x)d;r: =1
Q
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The energy functional J is given by:

o= [ Lover@ g — [ g,
) /Qp(af)‘v‘ ! /QQ(fv)d

We define the first eigenvalue A\i(p(x), ¢(x)) as:

VolP@)
M (p(@), q(x)) — ing S/ VI
G

i
q(z)

Under the constraint ||v||y,) = 1, we obtain:

veES

A, = inf / Vo P da
0
If there exists a minimizer w such that J(w) = min J, then:

/ IVw[P®de = )\,
0

By applying the Variational Principle, since w is a minimum point, the
directional derivative (Euler-Lagrange equation) must vanish. This leads to:

/ IVw[P@ 2V - Vo dr = )\1/ |w]?@) 2w da
0 0

for all test functions ¢ € C§°(€2). This is precisely the weak formulation of
the eigenvalue problem:

—Ayyw = i |w| 12w

which implies that w is the first eigenfunction. Suppose that vy, vy € S such
that:
J(v1) = J(vg) = min J

Thus, v; and vy are both first eigenfunctions.
According to the Simplicity Lemma, there exists a constant ¢ such that:

V9 = CUq

By substituting into the norm conditions: Since ||v1|4) = 1 and [[va[4m) =
1, we have:
levillg@) = lelllorllg@) = lef

It follows that:
el =1 = ¢= =1
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And hence:
Vo = :|:U1

The minimizer is unique up to the sign. Therefore, we conclude that J
has a unique minimizer (up to the sign). Let us consider two such minimizers
wy and us.

We define the normalized functions:

U1 U9
nNn=yg—n1 > L=y
e lggay a2 lgga
Clearly, ||v1]/4@) = [[v2]l4) = 1. From our initial hypothesis, we have:

J(v1) = J(vy) = min J

By substituting the previously established uniqueness up to a sign:

V1 = :|:1}2
This leads to:
U1 U2
et T A
”ulHq(x) HU2HQ($)
Which implies:
U1 = CuU9

where ¢ is a constant.
The results show that the eigenspace associated with A; is one-dimensional.
Consequently, A; is simple.

Theorem 3.3.4. Let Q be a domain in RY with finite measure and 1 <
q(z) < p(x).(3.3.2) has a unique (up to the sign) nontrivial solution w €

WP (Q) with the following property: J(w) < J(v) if v € WyP™(Q) is a

nontrivial solution to (3.3.2). Moreover, w is an eigenfunction corresponding
to M(p(x), q(x)).

Proof.
We define the following set:

1,p(x
s ={oe W@ lollye) =1}

Let m be the infimum of the functional J over S:

m = inf J(v)

vES

Thus, there exists a minimizing sequence (v,) C S such that J(v,) — m.
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The functional is given by:

1 1
J(vn):/—|an|p(x)d:c—/—\vn|‘I(x)dx
0

p(z) q(z)

Since v, € S, we have ||v,]|4() = 1. This implies that the term [, |V, [P(")dz
remains bounded. Consequently, the sequence (v,) is bounded in the Sobolev

space W7 (Q).
Since the space W' (Q) is reflexive, there exists a subsequence, still
denoted by (v,), that converges weakly to some w in I/VO1 P (x)(Q):

v, = w in Wol’p(x)(ﬂ)
Moreover, due to the compact embedding
Wy (@) = L70(Q)

it follows that v, converges strongly to w in L1®)(Q).
Since v, — w strongly in L% (Q), we have:

Hqu(az) =1 = wes

By the weak lower semi-continuity of the modular functional, we obtain:

n—oo

/|Vw|p(x)dx < liminf/ |V, [P da
0 0

It follows that:
J(w) < liminf J(v,) =m
n—oo
Given that m is the infimum, we conclude J(w) = m, which proves that w
1s a minimizer.
Taking the Gateaux derivative of the functional at w:

=0
t=0

d
EJ(w + ty)

leads to the following integral identity:

/ Vw[PW " 2Vw - Vo dr = / |w| 2w dx
Q Q
This is the weak formulation of the equation:

—div (|Vw|p($)2Vw) = |w]?@) =2y
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Hence, w is a weak solution to the problem.
We finally define the first eigenvalue Ay as:

VulP®) 4
A = inf o VU" dT

Since [|w||y@) = 1 and [, [Vw|[P®@dx = Ay, it follows that w is the first
eigenfunction. Let v; and vy be two solutions. We define the normalized

functions:
(%

lillge)

Thus, u; and uy are both first eigenfunctions. By the simplicity of the first
eigenvalue A1, there exists a constant ¢ such that:

Uj

Uy =cuys — v = Clvs

Substituting this relation into the p(x)-Laplace equation:
—Apa)(Crv2) = ‘01U2|q<x)_2(0102)

Taking into account the homogeneity of the p(x)-Laplacian operator, we
obtain: @)1 @)1
x)— x)—
Ccy = Cf

Which can be rewritten as:

Cf(x)—Q(f) —1

Since p(x) # q(x) almost everywhere in €, we must have:

Ch,==+1

3.4 On the spectrum o(p(x), q(x))

Theorem 3.4.1. Let Q be a domain in RY with finite measure, 1 < p(z) <
oo and 1 < q(x) < p*(x). Then o(p(x),q(x)) is a closed set.

Proof.

Our objective is to prove that the spectral set G(p(x), g(x)) is closed.
Suppose a sequence of eigenvalues (A,) C G(p(z), ¢(z)) such that A\, — A

asn — 0o. For eachn € N, there exists a corresponding eigenfunction u,, # 0

satisfying the following equation:

—div(|Vu,[P® 2V, ) = Ap|un |19 20,
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Without loss of generality, we can normalize the eigenfunctions such that
Hun”q(x) =1
The weak formulation of the problem is:

/ \Vun|p(x)_2Vun -Vodr = )\n/ |un|Q(x)_2ung0 dx
) 0

1p()

for all ¢ € Wy ). By choosing ¢ = u,, as a test function, we get:

/\Vun|p dr =\ /\un\q

Given the normalization |u,/4,) = 1, the integral on the right hand side is
constant (related to the modular leadlng to:

/ \Vun\p

Since the sequence ( ) converges to A, it is bounded. Thus, the sequence of
integrals fQ |Vun\p )dx is also bounded. Consequently, we conclude that the

sequence (u,) is bounded in the Sobolev space VV0 ple )(Q) By the reflexivity
of the space, there exists a subsequence such that:

u, = u weakly in VVO1 P (x)(Q)
Thanks to the compact embedding, we obtain:
u, — u  strongly in L™ ()

Since |[up||q) = 1, the strong convergence implies ||u||y) = 1, hence
u # 0.

On the left-hand side of the weak formulation, by utilizing the monotonic-
ity of the p(z)-Laplacian and Minty’s trick, we have:

|V, [P 2V, — |[VulPW 2V weakly
On the right hand side, the strong convergence in L%®) () ensures:
|1 | 1) 20, — Ju|?® =2y strongly

Passing to the limit as n — oo, we obtain the following integral identity:

/ V|2V - Vo dr = )\/ |12 da
0 Q
which is the weak form of:

—div(|Vu[P®2Ty) = \|u)?@ -2

Since w is a non-trivial solution (u # 0), it follows that A € o(p(z), q(x)).
Consequently, the spectral set o(p(x), g(x)) is closed.

41



CHAPTER 3. MAIN RESULTS

Theorem 3.4.2. Let Q be a domain in RN with finite measure, and let
p,q € P8(Q) such that 1 < p~ < p(z) < p' < oo and 1 < q(x) < p*(z) in
Q

" Then A(p(x),q(x)) € o(p(x),q(x)) for alln € N, and

A(p(z),q(x)) — +00  asn — .

Proof.
We argue by contradiction. Assume that there exists L > 0 such that

An(p(z),q(x)) < L foralln € N.

Let
M = {u € Wol’p(x)(Q) ; / |1 dr = 1}
0

and define the energy functional

E(u) = / |VulP@ da.
0
Consider the sublevel set
By ={ue M : E(u) <L}

Since By, is bounded in I/VO1 P (I)(Q), and this space is reflexive, there exists
a sequence (u,) C By and u € Wol’p(z)(Q) such that

up, — u weakly in Wol’p(m)(Q).
By the compact embedding

Wy P (Q) s L10)(Q),

we obtain
u, — u  strongly in LY@ (Q).

/ |t |1z = 1,
0

and passing to the limit yields

/ u|?@de = 1,
Q

42
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so that u # 0.

Now, let P, : VVO1 P (I)(Q) — X, be a sequence of finite-dimensional pro-
jections, where X, is a subspace of dimension n.
We claim that there exists n such that

Py #0 for all u € By.
Otherwise, for every n there exists u,, € By, such that
P,u, = 0.

Passing to the limit, and using the properties of the projections, we would
obtain u = 0, which contradicts the fact that u # 0.
Therefore, there exists n such that

inf ||P,u| > 0.
ueBy,

Let A C By, be a compact symmetric set such that its Krasnoselskii genus
satisfies

v(A) > k

for some large integer k.
Since P, is odd and continuous and 0 ¢ P,(A), we have

A(P(A)) = 7(A) = k.
On the other hand, since P, (A) C X,, and dim(X,,) = n, it follows that
V(Fu(A)) < 7.
Choosing k > n, we obtain a contradiction:
k< A(Pu(A)) <n.
Hence, our assumption is false, and therefore

An(p(x),q(x)) = 400 asn — oo.
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CONCLUSION

In this dissertation, we have studied a nonlinear eigenvalue problem involving
the p(x)-Laplacian operator in the framework of variable exponent Lebesgue
and Sobolev spaces. More precisely, we have investigated the following prob-
lem:

— Ay (@) = Mul 2 a0, v e

u(x) =0, x € 0},

where p(x) and q(z) are variable exponents satisfying appropriate growth
conditions.

The analysis of this problem required a careful combination of tools from
variable exponent spaces, variational methods, and nonlinear spectral theory.
The main results established in this work can be summarized as follows.

In the first chapter, we introduced the functional framework of variable

exponent Lebesgue and Sobolev spaces LP)(Q) and VVO1 P (m)(Q), including
their main properties such as modular inequalities, embedding theorems,
log-Hélder continuity, and the weak formulation of the problem.

In the second chapter, we collected the main auxiliary results needed for
our analysis, including monotonicity methods, weak convergence tools, com-
pact embedding results, and eigenvalue properties of the p(x)-Laplacian.

The core contribution of this dissertation was presented in the third chap-
ter, where, motivated by the work of Franzina and Lindqvist [8], we extended
their results to the variable exponent setting involving two exponents p(z)
and ¢(x). The main results obtained are the following:

e We proved that any eigenfunction is bounded and its first derivatives
are locally Holder continuous (Theorem3.1.1).

e We showed that the first eigenfunction has constant sign in €2 (Corol-
lary3.1.2).
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e We established the simplicity of the first eigenvalue A\;(p(x), ¢(x)) using
Picone’s identity (Theorem3.2.1 and Theorem 3.2.5).

e We proved the uniqueness of positive solutions (Theorem 3.3.1 and
Corollary 3.3.2).

e We showed that the spectrum o(p(x), ¢(x)) is a closed subset of R (The-
orem 3.4.1).

e We proved that the eigenvalues diverge to infinity (Theorem 3.4.2).

These results contribute to the ongoing development of nonlinear spec-
tral theory in variable exponent spaces and provide a rigorous mathematical
foundation for the study of such problems.

Perspectives.

This work opens the door to several possible extensions and future research
directions:

e The study of the second eigenvalue and higher eigenvalues of the p(z)-
Laplacian.

e The investigation of more general nonlinear problems involving two vari-
able exponents.

e The extension of these results to unbounded domains or to domains with
more complex geometry.

e The numerical approximation of eigenvalues in the variable exponent
setting.
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