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Introduction

The Lotka-Volterra competition systems are mathematical models describing the evolu-
tion of the density of population (or the number of individuals) of multiple living species,
competing with one another for the life resources. In this thesis we present the work
of C.V. Pao [3] on the asymptotic behaviour of such populations in the long run. The

Lotka-Volterra model of N competing species is given in the form

(

N N
Owu;(t, @) — Liwi(t, ) = au(t, z) (1 —u(t,z) — Z bijui(t,z) — Z cijui(t — 7j, IE))
j=1

J#i
t>0, re)
%Tf,i(tl'):()a t>0, xe€df)
L wilt, @) = ni(t, x), —7,<t<0,z€Q,

(1)
Q) represents the enviroment (in R,R? or R?) inside which occures all the interactions
between populations, u;(t, ) is the density of population ¢ at time ¢ > 0 and in the position
x € Q. The parameters are nonnegative constants where a; # 0 is the self-growth rate of
population ¢ ; b;; is relative rate of the effect of populations j on population ¢ and ¢;; is
same as b;; execept that the effect between populations is delayed with a delay of 7;, and
both are called competition rates. du;/0v(t,x) = 0 stats that no flux of all populations

occures across 0f) the boundary of (2.

is a diffusion-convection operator (D;(x) > 0) introduced to take into consideration the
dispersion effect if exists for some or all populations, othewise L; is allowed to be zero if
the population shows no diffusion, hence the model is a coupled ordinary and parabolic
system .

As mentioned earlier the aime is to study the asymptotic behaviour of the solution of
(1) more precisely, in [3] the interst is given to the investigation of the conditions on the

competition rates (b;; and ¢;;) underwhich the system has constant (independent of z)

b}



asymptotic behaviour. The work is devides into three chapter, the first is preliminary,
where all the necessary tools are set up such as elliptic maximum principle and results
on semilinear parabolic systems. The second chapter is dedicated to steady state systems

corresponding to time depending problems in the form

8{[% — Lyu; = uzfz(u, UT), (t >0,z € Q),

% =0, on 0f)
u;(t, r) = ni(t, o), (-7 <t <0,z €9Q),
where u,(t,z) = (ui(tr,x), -+ ,un(t-y,x)) In this case the steady state problem is

_Lzuz = uzfz(uv U’)7 in Qa

%“Vi =0, on 0f)

the existence of constant quasisolutions and solutions is studied using upper and lower
solutions method [3,4], pairs of quasisolutions (to be defined later) are important since
they constitute attarcting sectors of solutions of the corresponding time depending prob-
lem as ¢ tends to +oo for suitable set for initial functions n; [4] liying between upper and
lower solutions. Finaly the third chapter is devoted to the study of possible constant
asymptotic behaviour of the solutions of (1) under conditions given on the competition
rates only. Asymptotic behaviour is said to be global if it is proved to be the limit of

u(t, x), as t tends to infinity, for all nonnegative, non identically zero initial functions 7.



Chapter 1

Preliminary

1.1 General notations

Here we present the notation used in this work, we have dialed the defferent lemmas and
notes, ans theorems and the formulas in each chapter in sequential manner.

Notations

e R: Set of real numbers.

N: Set of naturel numbers

R™:is the set of all ordered n-tuples of real numbers,

o C*(Q): Set of Holder functions of exponent a € [0, 1] in €2.
e 0€2: The boundary of Q
e (:The closure of

—: The outward normal derivative on 0.

ov

(.)7:The transpose of a row vector .

[w];: The (N — 1) vector obtained from w € R by deleting the component w;, that

is [w]; = (w1, ..., wi—1, Wit1, ..., WN)



1.2 Elliptic boundary value problems

We consider the linear elliptic boundary value problem

—Lu+ c(x)u =q(x) in Q

(1.1)
Bu = h(x) on 0f2

Where L; and B; are given in the form

n

Lu = Z a; j(2)0*u/0x;0x; + Z bj(x)ou/0z;
i,j=1 J=1 (12)

Bu := ap(x)0u/0v + Bo(z)u

The operator L is uniformuly elliptic in €, this means that the matrix (a;;()) is symmetric

positive definite in 2,. Its coeffcients and ¢ are in C%(Q) .

no 9
=1 3:1:%’

diffusion-convection operator L := D(x)A+o(z) -V with D(z) > ¢ > 0 for all z € Q and

Some well known examples of elliptic operators are the Laplacian A := " and the

o : Q) — R" a function

1.2.1 Maximum principles

Theorem 1.2.1. /8] Let u satisfy the differential inequality
(L+h)u] >0 (1.3)

with h(x) < 0,with L is uniformly elliptic in D,and with the coeffecients of L and h

bounded. if u attains a nonnegative mazimum M at an interior point of D, then u = M.

Theorem 1.2.2. /8] Let u satisfy the differential inequality
(L+h)u] >0

where L is the operator given in (1.2) ,and h(x) < 0 in D, where D is an connected set,
suppose that u < M in D, that u = M at a boundary point P,and that M > 0.Assume that
P lies on the boundary of a ball in D.If u is continuos in D U P, any outward directional

derivative of u at P is positive unless u = M in D.



1.3 Semilinear parabolic problem

We consider the semilinear parabolic problem

Ou; /Ot — Liu; = fi(t,x,u(t, x),u (t,x)) in Dp,i=1,...,n
Bu; := «;0u; /Ov + Bi(t, x)u; = hi(t, ) on Sy (1.4)
wi(t,z) = n;(t,z) in J; x €,
where u(t, x) = (uy(t, @), us(t, ), ..., un(t, ), ur (t, ) = (ur (t—71, ), ooy Up (t—Tn, ) ), 7
is the finite time delays of the density functions and for each i ,L; is a uniformuly elliptic
operator given in the form
Liu= 2”: ag.f,)c(x)aQui/@xj@:ck + Zn: bgi) (x)0u;/0x;. (1.5)
Ji:k=1 j=1
with Q is a bounded domain of R™, and Dr, St, Q:, J; are given by
Dr=(0,T]xQ Sr=(0,T] x 9Q Dy =1[0,T] x Q (16)
Jy = [~74,0] QY =1, T)x Q, Q =Q" x .. x Q™.
For any u = (uy, [ula,, [us,) and v = ([v];, [v]4,) in a subset A of C(Q:),a;, b;, ¢; and d; are

nonegative integers with

ai+bj=n—-1 ¢+di=n i=1,..n, (1.7)
such that for any v = (u;, [u]a;, [u]s,) and v = ([v]e, [v]4,) in A, fi(u,v) is nondecreas-
ing in [ul,,, [v],, and is nonincreasing in [uly,, [v]q,. In this case f; is said to be mixed

quasimonotone

1.3.1 Upper and lower solutions

Definition 1.3.1. a pair of functions u = (uy, ..., un), & = (U, ..., un) are called coupled
upper-lower solutions of (1.4), if u > 4 on Dy and if U; and U; satisfy the differential

inequalities for each i=1,...,N.

(

Ou; /Ot — Litt; > fi(t, @, i, [ula,, [l [r]e; [Ur]a,),

ou; /0t — Liu; < fi(t,x, Uy, [Ula,, [W,, [Ur]e; [Ur]a,) (t,x € Dr),
a;0u; /Ov + Piu; > 0 > «;0u; /Ov + Biu;, (t,x € St),
ui(t,x) > ni(t,x) > u(t, x), (t,x in J; x Q).

(1.8)

\

The exitence of pairs of upper and lower solution is powerful tool in studying semilinear
parabolic (and elliptic) equations we can find various applications of upper and lower

solutions method in, [4, 2, 3] and others.



1.3.2 Existance and uniquness solutions

One of the most important results of upper and lower solution methods is the folowing tho-
erem, which ensurs the existence and uniqueness of the solution of the parabolique system

(1.4) having coupled upper and lower solutions, with mixed quasimonotone nonlinearities

fi

Theorem 1.3.1. [2]
Let w,u be a pair of coupled upper and lower solution of (1.4) and Let f = (f1, fo, ..., fn) be
mized quasimonotone in <u,u> ={u € C(Q;);u < u < u in Qi} and are lipschizs . Then

the system (1.4) has unique solution u = (uy, ..., u,) n < W, u > .

10



Chapter 2

Constant solutions and
quasisolutions of a semilinear steady

state problem

In this chapter we present the steady state problem:

—Liuw; = ui fi(u,u) (x € Q),

(2.1)
Ou;/0v =0, (x €09Q),i=1,...,N,
corresponding to the time dependent problem
8u,/8t — Lyu; = uzfz(u, UT), (t >0z € Q),
Ou;/0v =0, (2.2)

wi(t,z) =ni(t,x), (-1 <t < 0,2 € Q), i=1,..,N,
Assume that f;(u,v) is a C! function of u, v for u,v in a suitable subset p of RY, For each
i=1,...,N, L; is a diffusion-convection operator given by

Liu; = Di(x)Au; + o;(x). Vu,,

such that D;(x), 0;(x), n;(t, z) are C* functions in thier domains D;(z) > 0 on €, n;(t, z) >
0 on I; x € since it represents a density of population. The notation o;(z) - Vu; is
scalar product in R". In the above system we allow L; = 0 this means that D;(z) =
oi(z) = 0. The main assumption on f;(u,v) is the existance of a pair of constant vectors

¢=(¢,....,cn), ¢ = (¢, ..., cy) such that ¢ > ¢ > 0 and

11



And, as suggested in [3], the system is competitve in the sense that

( 8 i
Ji <0 for j # 1,
or
Ofi <0 for all j, (2.4)
811j
for all 4,5 in N and u, v in p.
\

Remark 2.0.1. * The time depending problem (2.2) justifies the use of the notation
filu,w) instead of f;(w) simply. Indeed, iflim;_, o u(t, z) =: u(x) exists thenlim; ., o u(t,,z) =

lim; 4o u(t,z) =: u(x) and

lim fZ(U, Ur) = fz(u7u)

t— 400

* The notation (u;, [u];) constitute the same vector u in RN, hence for example in (2.3)
1@, [, = £(@ [B).9), that is u = (@, [E]) and v =2 in fi(u,v)
* By taking (2.4) into consideration one can find that a;, b;, ¢; and d; in (1.7) are as follows

a;=0,b,=n—1,¢ =0 and d; =n.

2.1 Upper and Lower solutions method

We start by giving a definition of pair of upper and lower solutions

Definition 2.1.1. /2]
A pair of functions (u,u) in C(Q)NC?(Q) are called ordered upper and lower solutions
of
—Lu; = fi(x,ug, [u]a,, [ulp,, U], [u]q,) in Q2

(2.5)

if they satisfy the relation uw > u and if

_L’La’b Z fz(l‘7 a’i) [Maia [a]bia [a/]c“ [a]dl) in €
_Llaz < fi(xaah [ﬁ]aia [iﬂbia [a]cm [Mdz) in €2

Applying this definition to (2.1) shows that (@, 7) in C(Q)NC?*(Q) is a pair of ordered
upper and lower solutions if w > u and if
—Liu; > u; f;(, u, [u);, w) in
ou;/0v >0 > du; /v ond, i=1,2..N

12



¢ and ¢ are constant, so L;¢; = L;¢c; = 0 and 0¢;/dv = J¢;/Ov = 0 which implies by

assumption (2.3) that (¢, ¢) is a pair of ordred upper and lower solutions.

Theorem 2.1.1. Under hypothesis (2.3) (¢, ¢) is a pair of ordred upper and lower solutions
of (2.1) .

Let p:={c € R¥[c < ¢ <¢)}. Function f is C' in p then there exists constant K; > 0

such that

K; Zmax{—w;u,vep}. (2.7)
U;

this implies that u; — Ku; + w; fi(us, [u];, v) is nondecreasing Define also tow iterative

sequences {a} = (i, . ay} and {u®} = {u)"”, ., uy’} by

—La® + K;a® = Ka®= + a1 f,( (k

oy
—Lau® + Kau® = Kauk—b + u(’“‘”ﬁ@k 1), [ﬂ(k_l)]i> ﬂ(k_l)) (2.8)
O )y _ 0w :
ov " 8u% (7 e )

with 2(® = ¢ and u(¥) = € we have the following theorem

(k=1)],, (k1)

IS

Y

—1) [

Theorem 2.1.2. [/, 3] Assume that [ satisfies hypothesis (2.3) and (2.4), then the two
sequneces i\ = (uh, ..., ak;) andggk) = (u{?, ygl\;)) defined by (2.8) with ﬂgo) = (¢1,...,cnN)

[

and yz(»o) = (¢1,...,Cn) are constant, given by

( (k=1)
u® = u®0 4 (WY /K) fiud Y, [@* V], a® ) =1, N

I

and they possess the monotone property

a<ul < <P < Y <Y <q® < <alV <, k=1(0,1,2,.),i=1,...,N.
(2.10)

before introducing the proof of this theorem a result known as positivity lemma [4] is

needed to prove the monotone property

Lemma 2.1.1. [4] Let ¢ be bounded not identically zero functionc = c(x) > 0 in §, if
w € C*(Q) satisfies the relation

—Lw+cw>0€e€0)
ow/ov >0 onds)

(2.11)

then w >0 in Q , Moreover,w > 0 in Q unless w = 0.

13



Proof 2.1.1. We first prove that w > 0 in Q .Assume by contradution that w has a
negative minimum m, at some point To € Q then —w(xg) s a positive mazimum of —w.
If x, € O then by mazimum principle, Theorem 1.2.2, we have 0—w(xg)/dv > 0 unless
w = m but Ow(zy)/0v < 0 contradicts the boundary inequality in (2.11) we must have
w=m <0, then —Lw+cw = cm > 0 again contradicts the fact that m < 0, which shows
that xo € 2. This ensure by mazimum principle, Theorem 1.2.1, that w is a constant . But
by the hypothesis on c, w can be a constant only when w = 0. This leads to contraduction,
which shows that w > 0 in €.

We observe that if w(xg) = 0 at some point in Q then this implies that w = 0 throughout
Q. This shows that either w > 0 or w =0 in Q.

Proof 2.1.2 (proof of Theorem 2.1.2). We have 4”) = ¢ and u'® = € which are constant
functions, hence the second hand of equation (2.8) for k = 1 is constant, this leads )
and uV) to be constant in both cases of L; ( obviouse when L; = 0 and when L; is an
elliptic operator, ©V) and vV are constant by uniqueness of the solution of linear elliptic
boundary value problems. The same argument leads, by induction, to conclude that the

(k) — Liﬁgk) = 0 whether L; = 0 or not,

‘)

tow sequences are constant, this implies that L;u,

hence the tow sequences are given by

a® = a4 (@6 fila Y, 0w ), (2.12)
u® = u®=D 4 (®D /) £ (WY [a® D], ey =1, N ‘
To show the monotone property, we proceed by induction, let wF = ggkﬂ) —ggk) we have by

using the definition of upper and lower solutions in (2.6) and the iteration process (2.8)

—Liw? + K = —Li(u!"” — @) + Ki(u!" — @)

> Ki(U; — ) + w; (filw, [als, @) — fi(w, [a], 4;))

>0

0 0 . , L ‘
and —uw! = —(u(l) —¢;) = 0 which proves by positivity lemma that w) > 0 that is

ov ov

ggl) > ¢; . Analogous argument shows that aﬁ” <¢

14



Now assume that w*=t >0 and a®) < g1

— Lt + Kt = Kb~ + uf? fz( Y, [a(’“)]i, a®) — Y fiwY [@* ), ah )

- ggk_l fZ(QZ - ,[ﬂ(k)]i,ﬁ(k)) (by (2.4) and the induction assumption)

k k k _ k _
> K + u® £,® [a®);, a®) — Kl £ [@®);, a®)

because u; — Kyu; + w; fi(ug, [ul;, v) is nondecreasing function and u( > w5V So we

8 — Z
have —Lyw? + K;wf > 0 and a—wf > 0 (in fact, (k1) )
v

lemma w® > 0 that is ggkﬂ) > gl(-k)

5 —(u, 0) by positivity

. Analogously, one obtains EE 2 < ﬂ( )

2.2 Existence of solutions and quasisolutions

We start by introducing the notion of pairs of quasisolutions

Definition 2.2.1. [//A pair of functions (a = (uy, Ug, ..., un ), u = (U, Uy, .., uy)) is called
quasisolutions of

_LZUZ = fl<x7 U, [u]aiv [u]bia [u]cia [u]dz> Zn Q
Bzui :hl(l') on 8@,@2 1,2,...,N

(2.13)

iof they satisfy

=Ly = fi(x, Ui, [Wa, [ule,, [0, [u]a,), (z € Q),
—Lyw; = fi(w,u;, [u]a,, [y, [u]e;, [U]a;) (2.14)
B;u; = Bju; = h;, on OS2,

foreachi=1,....N

Remark 2.2.1. As it can be seen from the definition,
* pairs of quasisolutions are not necessarily solutions of (2.13), but in the particular case
when a; =n—1, b; =0,¢;, =n, and d; = 0, a pair of quasisolutions are both solutions.
*if (w,u) is a pair of quasisolutions and (4 = u then their common value is a solution of
(2.13).
* In the case of problem (2.1), (u,u) is a pair of quasisolutions if

—Lyu; = f(, w, [u]i, w) in €

— u S, [, ) in © (215)
Gﬂi/ﬁuzﬁgi/ﬁyzo ondQ, i=1,2,..N

15



The following theorem shows the existance of constant quasisolutions for the steady

state problem (2.1)

Theorem 2.2.1. Suppose that the function f in (2.1) satisfies conditions (2.4) and (2.3)
forc>=¢>0. Then,

problem (2.1) has a pair of constant quasisolutions p = (p1,...,pn), p = (P, ""BN) such
that

In this case we have

filpi, [plisp) = filp,, [Plisp) =0 (2.16)

Proof 2.2.1. In view of Theorem 2.1.2, under hypothesis (2.4) and (2.3) the tow se-
quences defined by (2.8) are bounded monotone in RN (constant) so they both converge as
k tends to 400, set

p. = lim uf
—t k—4o00

and

k

i

= lim @
k—+o0

Since f is continuous, by letting k — 400 in (2.10) and(2.8) one obtains
czpzp=e

and
Lipi = pifi(pi, [pli, p) in Q,

o 9 N
apz‘—%&—(), ondQ, (i=1,..,N)

which means that (p = (p1, ..., pn), p = (;_)1, ""BN)) is a pair of constant quasisolutions

of (2.1) . p and p are constant and satisfy p > p =< > 0 then,
Theorem 2.2.2. Under the same conditions in Theorem 2.1.1 we find

(a) every solution u* of state problem (2.1) such that ¢ < u*(z) < ¢ for all z € Q

satisfies the relation p > u*(x) = p on Q

(b) if p=p = p* then p* is the unique positive solution of state system in p.

16



Proof 2.2.2. (a) Let u* as in the theorem, define first two functions to be used in
the proof W™ (z) = a® — u*(x) and w® (x) = u*(z) — u®(z), the idea is to prove, by
induction, that w® >0 and w® > 0. These relations ar obviously true for k = 0 since

¢ <u*(x) <€ for all x € Q. Suppose that w1 >0 and w*Y >0, we have

_L‘w(k) + K’ 7(k) = Kiwz(k_l) + az('k_l)fi(az(k_l)’ [—(k 1)]17 1)) - uer(u;k’ [u*],, u*)v
—Liw"” + K" = K™ 4w filus, [w)s, w*) — ul ™ fi(u0, [0, alk-),

aa o) _83_2 =0, (i=1,..N).
v v

(2.17)
w1 >0 and (2.4) imply thatKw aF fz( B =), wE=D) =t fi(ug, [u);, w*) >

Ku(k R u (k= 1)fz( N I P uj‘fz(u:‘, [u*];, u*) this leads, by taking into consider-
ation the fact that the function u; — Kyu; + w; fi(us, [u];, v) is nondecreasing, to :

ngmn + ﬂgkfl)fi(ﬂgkfl), [u*];, u*) — Kjul — uf fi(ul, [u*];, u*) > 0 so we obtain

0
—@ng) =0, on 052,
ov

(k)

hence w; (k)

> 0 by positivity lemma. Analogously one finds that w;”” > 0 so we have for
each k =1,2,... a® > u*(z) > u® on Q. One can see, by letting m — oo in this later
relation, that

p>u() > p (2.18)

(b) if p=p = p* (constant) then

fi(pis 1plis p) = filp,: [Pli, p) = filpi [p7)is p7) = O

that is
Lip; = p; fi(p}, [p*]is p) in Q
0
5,0;* =0, on 011,

this implies that p* is a solution of (2.1), for any solution u*(x) of state problem, p*

is the unique solution of(2.1) because

p=>u*(x) > p, and p=p=p* sou* = p".

2.3 Relation with asymptotic behaviour

We end this chapter with a theorem that shows the relation between the quasisolutions p
and p, and the asymptotic behaviour of the solution u (¢, x) of the time depending problem

(2.2), this theorem will be needed in the next chapter

17



Theorem 2.3.1. [3] Suppose that the function f in (2.2) satisfies conditions (2.4) and
(2.3) forc>=c> 0. Then for any initial function n;(t,z) = (m(t, x),..nn(t, z)) with ¢ <
n(t,x) < ¢, problem (1.4) has a unique positive solution u(t, x) such that ¢ < n(t,z) < ¢
and

p<ult,z)<past— oo (ze€Q), (2.19)

where p and p are the constant vectors satisfying

filpi, lplip) = filp,: [Pl p) =0

Moreover, if p= p = p* then

lim wu(t,z) = p* wuniformly on Q. (2.20)

t—00

18



Chapter 3

Global asympotitic behaviour of
competitive diffusive Lotka-Volterra

system

3.1 Existence and uniqueness of solutions

We consider the lotka volterra system with N-competing species [3] given in the form

N

( N
8’&7;
ot — Liu; = a;u; (1 — U — éﬁ bz‘j’LLj — jg 1 c,»j(uj)T> , (t >0,z € Q)
J#i =
Ou (3.1)
=0,(t>0 0N
a/U Y ( > 7‘1. 6 )

wi(t,z) =ni(t,x), (-7, <t <0,z €Q),i=1,..,N.

\
where €2 in R" a domain, a;,b;; and ¢;; are nonnegative constants for all i,7 = 1,..., N

with a; # 0 and as in the previous chapter,

where D;(x) and o;(z) are C* functions in thier domains D;(x) > 0 on Q. The notation
o;(x) - Vu; stands for scalar product in R™. In the above system we allow L; = 0 this

means that D;(z) = o;(z) = 0.

The aim is to show that (3.1) has a unique nonnegative solution by using Theorem

1.3.1 since (3.1) is a particular case of (1.4). Theorem 1.3.1 requires the existence of a pair

of coupled upper and lower solutions. Indeed, the pair (w,u) with v = (C4,...,Cn),u
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(0,0, ...,0) where (1, ...,Cy are positive constants satisfing C; > max(1, ||7]|), is a pair
of coupled upper and lower solutions of (3.1), because they satisfy the inequalities in
Definition 1.3.1 (in view of (1.7) and by observing the monotonecity with respect to u;

and u,, we have a; = ¢; =0, b =n — 1 and d; = n in Definition 1.3.1. )

8@/815 — Lzﬂz =0< fi(t,x,ﬁi, [mz, [ﬂ) =0 (t >0,z € Q) (3 2)
0ti; /Oy = O /Ov = 0 (t> 0,2 € 0Q) '
| wilt, @) = nilt, @) = wit, x), (-7 <t <0).
where
N N
fi(t,x,u, U) = a;u; (1 — U; — Zbijuj — ZCZ‘J'UJ'>
J#i i=1
if we rewrite equations (3.2) we find

fi are lipschizs functions because are of the class C'. by theorem 1.3.1 the system (3.1)

has unique solution u = (uy, ua, ..., u,) such that

0 <u(t,r) <C; on[0,00)xQ, i=1,..,N.

3.2 Asympotitic behaviour of solution

Studying the asymptotic behaviour of the solution of a time depending problem is the
investigation of a possible limit of this solution as tends to infinity. This limit, if exists is
always solution of the corresponding steady state problem. Note that a given solution of
the steady state problem is called equilibrium state and it is not necessarily the asymptotic
behaviour. In this section we show that under some conditions on the model parameters,
the solution u(t, ) of the Lotka Volterra competitive system (3.1) tends at t — 400 to a
non trivial constant equilibrium state p*. That implies that p* is a constant solution of

the steady state problem :

N N
—Lzuz = a,uz(l — U; — Zbijuj — Zcij(uj), (l‘ - Q),
a A1 7j=1 (34)
Y _ 0 on o1=1,...,N.
ov

We can see that o = (0, ...,0) is a trivial solution of this problem. To ensure the existence

and uniqueness of a positive steady-state solution we need to impose some conditions on
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the reaction rates b;; and ¢;; (but not on a; ). Set e = (1,1,..., 1) and define two N x N

constant matrices Ay and A; by

Ao = (bl] -+ Cij) with b“ = O,?;,j = 1, vy N,
A1 = (bm -+ Cij) with b“ = —1,i,j = 1, ,N

(3.5)

in terms of this two matricies ,we have the following result

Theorem 3.2.1. Assume that Ay is nonsingular and there exists a constant vector M =
(My, ..., My)T such that
M >eand AM <e (3.6)

then problem (5.4) has a unique positive constant solution p* = (p5,...,px)T such that
p* < M.
Moreover, for any nonnegative initial function n(t, x),with n;(t, z) not identically zero. the

corresponding solution u(t,z) of (3.1) possesses the property

lim u(t,x) = p*, x € Q. (3.7)

t—o0

Proof 3.2.1. The idea is to prove that there exist vectors (¢,¢) satisfying (2.3) where

fi(ul’[ ]17 ) - al 1 — U; — Zbl]u] ZCU ug

JF#i
, then by using Theorem 2.2.1 we show the existance of a pair of constant quasisolutions

p, p which turn out to be equal thanks to the nonsingularity of A;.
Condition AgM < e means that for allt=1,..., N

ZbUM +Z%M <1, i=1,..,N, (3.8)
J#i

It follows that there for alli=1,..., N the exist §; > 0 such that

N N
(51' S 1— ZbUM] - ZCijM
j=1

J#i
that is

0<1—4; —ZbUM ch

Jj#i

since a; > 0 and 6; > 0 we obtain

0 S ai@- (1 ZbUM ZCUM>

J#i

21



and since M; > 1 we have
N

N
CLZ(]_ — Mz — waéj — ZCZ‘]‘(SJ‘) < 0,
ji j=1

50

fi(ds, [M];, M) <0 < fiy(M;, [0];,6), i=1,...,N
with f; as defined above, that is f; satisfy condition (2.4) with (¢,¢) = (M, ) this implies
in view of Theorem 2.1.1 that (M,J) is ordred upper and lower solutions of (3.4). f;
satisfies also (2.4), always with (¢,¢) = (M, 0) it follows from Theorem 2.2.1 that problem

(3.4) has a pair of constant quasisolutions p and p such that

0<o<p<p<M
and
fl(ﬁlv [B]“B) = fz(&ﬂ [ﬁ]l?ﬁ) =0,

since a; > 0 we obtain

;

N N
S ST Sy
— —
£ N (3.9)
L=p,= D by = 3 cipy =0
\ j#i i=1
Set pi = p; — p,,i =1,..., N. Then by substraction of the equations in (5.9)
N N
i =1

this means that Aip = 0 , but Ay is nonsingular, then p = 0 which leads to p — p = 0,
then we find that p = p let p* their common value.
It follows from Theorem 2.2.2 that p* is the unique positive solution of(3.4) satisfying
0 < p*< M. can always be choosen small enaugh to ensure the uniqueness of positive
solutions of (3.4) in ]0, M]. Moreover, by Theorem 3.2.1, the solution u(t,z) of (3.1)
converges to p* as t — +oo whenever 6 < n(t,z) < M.
Remains to show the convergence of the solution (3.1) for any nonnegative n(t,x) with
n(0,-) # 0
we consider the scalar parabolic equation
ou; /ot — L;U; = a;U;(1 = Uy), (t>0,2€Q)
oU;/ov =0, (t >0,z € 09Q), (3.11)
Ui(0,x) = n;(0, z) (xe),i=1,..,N.

22



We can see that for any nonnegative not identically zero 1;(0,-) , (0,C;) is a pair of upper
and lower solutions of (3.11) therfore theorem 1.3.1 ensures the existence of a unique
positive solution U;(t,x) on (0,00) x Q and by theorem 2.5.1, one can see that U(t, )
converges to the unique positive steady-state solution U;s =1 as t — 0.

Moreover, by noticing that (0,U) is a pai of upper and lower solutions of (3.4) we obtain
wi(t, ) < U(t, x) by the positive property of u;(t, x) and a mazximum principle of parabolic
equations u;(t,z) < U;(t,x) on (0,00) x Q. Hence there exists t; > 0 such that u;(t,z) < 1
on [ty,00) x Q.

Let w;(t, x) is the solution of the linear parabolic equation

ow; /0t — Lyw; = ¢;(t,x)w; (t > 0,2 € Q)
Ow;/0v = 0, (t >0,z € 00), (3.12)
w; (0, z) = n;(0,x) (xeQ),i=1,...,N.

where

N N

¢(t,x) = a;(1 —u; — Zbijuj — ch-j(uj)T), (3.13)
i i=1

then w;(t,x) > 0 on (0,00) x Q by mazimum principle of parabolic boundary-value prob-

lems. w;(t, x) is also a solution of (3.11) , the uniqueness property of the solution ensures

that u;(t, x) = w;(t,x) > 0 on (0,00) x €.

Therefore if we choose a constant ; satisfying
§; < min (u;(t,7);ty <t <t +7,2€Q) (3.14)

then we find

8 <u(t,r) <1 on [t —7;,t"] x Q where t* =t; + 7 and T = max {r;,i = 1,....N}.and
if we use u;(t,x) = n;(t,x) where n;(t,x) is the initial function in the domain [t* —
7;,0) X Q, by theorem 2.5.1 we conclude that the solution u(t,z) of (3.1) corresponding to
any nonnegative n(t, z) with 1;(0,z) not identically zero, converges to the constant p* as

t — oo.

Remark 3.2.1. We can see that if

N N
Zbij—l-zcij <1 fOT’i: 1,..., N, (315)
J#i J=1

by another write of condition (3.15) we find Age < e then condition (3.6) is satisfied with

M = e,As a consequence of Theorem 3.2.1 we have the following conclusion
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Corollary 3.2.1. Suppose A; is nonsingular and condition (3.15) is satisfied then then
state problem (3.4) has a unique positive constant solution p* = (p3, ....... pa)t such that
p* < e.

Moreover, for any nonnegative initial function n(t, x),with n;(t, ) not identically zero, the

corresponding solution u(t,z) = (uy(t, z),....un(t,x)) of (3.1) possesses the property

lim u(t,z) = p*, = €L (3.16)

t—o00

3.3 On the ordinary system case

In special case of L; =0 for all i = 1, ..., N. The problem (3.1) is reduced to the ordinary

differential system

(1) = agu() (1 — wit) — ; biju;(t) — ; cijui(t—7) (t>0) (3.17)

For the ordinary system (3.17) we have a similar result as that in theorem 3.2.1 since

L; = 0 is allowed

Theorem 3.3.1. Assume that Ay is nonsingular and condition (3.6) is satisfied. Then
problem (3.17) has a unique positive equilibrium solution p* < M . Moreover, for any
nonnegative initial function n(t) with n;(0) >0, i = 1,..., N,

the corresponding solution u(t) = (uy(t),...,un(t)) of (3.17) converges to p* as t — oo.

Remark 3.3.1. In particular, the conclusions holds true if condition (3.6) is replaced by
(3.15) then problem (3.17) has a unique positive constant solution p* = (p}, ..., p)T such
that p* < e.

Moreover, for any nonnegative initial function n(t),with n;(0) # 0, the corresponding
solution u(t) = (uy(t),...,un(t)) of general system (3.17) possesses the property

lim u(t) = p*. (3.18)

t—o00
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3.4 Example of application to the three species case

We consider the following Lotka Volterra system with 3-competing species

(

ou/ot — D1 Au = aju(l — u — 1o, — Y1Wsy),

Ov /0t — DoAv = (1 — v — Patly, — Yoy ),

Ow/0t — DsAw = azw(l —w — Py, — Y305,), (> 0,2 € Q)
ou/0v = 0v/dv = dw/ov =0, (t > 0,z € 0N)

| u=mn,({t el xQ),v=mn(t €l xQ),w=nmn;s(tel;xN)

and the correspoding ordinary differential system

p
U= alu(l —Uu—- ﬁlv‘rz - ’yleg)a

U= aav(l — v — Batr, — Yowsy),
w = a3w(1 —w-— 63“71 - 737}7'2)’

u(t) =m(t), (t € I),v(t) = m(t)(t € L), w(t) = ns(t), (t € Is)

\

where 7; is allowed to be zero for some or all i. In this case

0 /1 m -1 B m
Ao=|B 0 | and A1 =] 38, -1 =
ps vz 0 Pz v3 —1

As a consequence of Theorems 3.2.1 and 3.2.2 we have the following results

(3.19)

(3.20)

Theorem 3.4.1. Assume that Ay is nonsingular and there exists a constant vector M =

(M, My, M3)T such that
M >eand AiM <e

where e = (1,1,1) then

(3.21)

problem (8.19) has a unique positive equilibrium solution p* < M . Moreover, for

any nonnegative initial function n(t, z) with n;(0, z) not identically zero,for i = 1,2,3, the

corresponding solution (u(t,z),v(t,x),w(t, x)) converge to p* as t — oc.

Remark 3.4.1. The conclusion in theorem 3.4.1 hold true with M = e if condition

(3.21)is replaced by

Bi+v <1 fori=1,2,3.

and we have p* < 1

25

(3.22)



Corollary 3.4.1. Problem (3.20) has a unique positive equilibrium solution p* < M.
Moreover, for any nonnegative initial function n(t) with n;(0) > 0, the corresponding

solution (u(t),v(t),w(t)) of ordinary problem converges to p* ast — co.

Remark 3.4.2. The conclusions in Corollary 3.4.1 hold true with M = e if condition

(3.21) is replaced by condition (3.22). The unique positive equilibrium solution p* < 1.
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